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Modeling and Optimization of A Variable
Stiffness Compliant Gripper with the Flexible
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Abstract—The compliant parallel gripper has been widely
applied in industrial fields, including automation assembly, agri-
culture, and electronics, owing to its compliance and versatility.
However, stiffness modeling and optimal design of compliant
grippers remain a challenge due to the nonlinear force-motion
behaviors of flexible materials with large deflections. This paper
presents a comprehensive approach to establishing an analytical
stiffness model for the analysis and optimization of a compliant
gripper. Elastic beams of arbitrary initial curved geometry form
a flexible parallelogram mechanism, constituting a delicately
designed planar compliant gripper with beneficial stiffness char-
acteristics for operations including variable capability, axial
and grasping decoupling, and a centrally located compliance
center. Based on modeling, initial beam shapes are optimized
to obtain pure or actively tuned passive compliance with a wide
variation, over 100x for grasping stiffness and over 500x for
axial stiffness. Finite element analysis and experiments based on
elastic beams with distinct geometries and materials are carried
out to validate the method. Finally, diverse grasping scenarios
and a demonstration of the autonomous peg-into-hole task are
accomplished, showcasing the performance and potential usage
of the compliant gripper in industrial applications.

Index Terms—Stiffness modeling, Compliant parallel gripper,
Flexible parallelogram mechanism, Optimal design.

I. INTRODUCTION

ARALLEL gripper is a pivotal component in industry due
Pto its stable grasping format and general adaptation to
various workpieces and tools, which has been widely used
in autonomous assembly tasks [1]-[4]. However, commercial
parallel grippers, including FESTO, ROBOTIQ, and SCHUNK
[5], are rigid, susceptible to collision damages caused by
unstructured environments and inevitable position and orienta-
tion errors [6], [7]. Consequently, compliance is demanded to
provide adaptation [8]-[11]. Distinct tools and tasks call for
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variable properties of stiffness, not only to grasp various soft
or fragile objects, but also to adjust stiffness during operations
utilizing tools [12]-[14]. For instance, constant-force polishing
expects a zero axial stiffness [15], [16]. Precision assembly as
peg-into-hole requires a wide range of adjustable stiffness, a
small one to avoid impact with obstacles, and a large one
to overcome the resistance [17], [18]. Therefore, stiffness
analysis is of great importance for compliant gripper designs.

Numerous studies have been devoted to introducing com-
pliance into gripper design. Elastic joints are widely applied
[19], [20]. Ciocarlie et al. [21] arranged springs in joints and
optimized the stiffness to grasp a variety of objects. Chen and
Lan [22] applied a force regulation mechanism with springs
to actively adjust grasping force. Shirafuji et al. [23] utilized
a tendon-driven strategy to adjust the joint stiffness. Another
solution is to change the mechanical property through physical
variation [24], including jamming effects and additional struc-
tures. Zhou et al. [25] proposed a continuous layer jamming,
while Hou et al. [26] took advantage of coffee granules to
vary stiffness. Sun et al. [27] devised a controllable jamming
force mechanism, achieving 7.1-fold stiffness variation. Li
et al. [28] embedded an internal flexible hinge shaft, and
Chandrasekaran et al. [29] utilized an actively rotated truss
structure to change stiffness. Bastien et al. [30] designed a
snap-fit joint, presenting distinct stiffness. However, stiffness
variation is greatly confined by the limited flexible elements.

To achieve a wider stiffness variation range, enormous
efforts have been made to design grippers with holistic flex-
ibility. Compliant mechanisms are extensively studied [31]-
[34]. Zhang et al. [35] established a nonlinear optimization
model considering both the workspace and stiffness. Wang et
al. [36] employed a geometric representation in a topology
optimization model and analyzed stiffness through finite ele-
ment analysis (FEA). Besides, flexible beams, with an intrinsic
compliance nature due to infinite degrees of freedom (DOFs),
gain attention [37]-[39]. She et al. [40] introduced flexible
beam modules to alter stiffness through deformation. Du et al.
[41] and Xu et al. [42] utilized the length-altering strategy to
vary the stiffness of flexible fingers. Tiziani et al. [43] adjusted
the stiffness through an antagonist strategy. Takahashi et al.
[44] utilized thin bending sheets as fingers to alter stiffness
through passive deformation. Despite large stiffness variance,
analysis and optimization are a great challenge. Chen et al.
[45] and Xu et al. [46] constructed the stiffness model of a
fin ray gripper by combining FEA and a neural network. Ot-
tonello et al. [47] designed a Push-Latch gripper with flexible



IEEE/ASME TRANSACTIONS ON MECHATRONICS

hinges and varying cross-section fingers and analyzed stiffness
through simplified models. Models like constant curvature
and piecewise constant curvature [48], [49], smooth curvature
[50], pseudo-rigid-body [51] introduce postulated conditions
at the sacrifice of accuracy, while methods like piecewise
linear strain [52] and FEA obtain precise results with a heavy
computational burden by solving partial differential equations
(PDEs). To sum up, existing modeling methods face a dilemma
between accuracy and efficiency. It remains a challenge to
construct an accurate and efficient stiffness model for large
deflection elastic beams, assisting optimization design to meet
various stiffness demands in practical industrial applications.

To this end, this paper presents a general approach to the
modeling and analysis of a variable stiffness compliant gripper
with flexible parallelogram mechanisms (FPM) constructed by
elastic beams, which balances accuracy and efficiency with
straightforward derivation. The analytical stiffness models of
a curved elastic beam and the gripper are established by the
discretization-based equivalent method of a redundant serial
mechanism and force-motion coordination. Special character-
istics, including decoupled stiffness components and a cen-
trally located compliance center, are identified. On this basis,
beam geometry is optimized to achieve the desired stiffness.
FEA and experiments are applied to validate the effectiveness
of the proposed approach. The main contributions include:

1) Presented a general analytical stiffness modeling method
for initially curved elastic beams and compliant grippers,
which balances model accuracy and computational efficiency.

2) Expressed initial beam shape based on Fourier descriptors
and achieved geometry optimization for desired stiffness.

3) Proposed a planar compliant gripper with FPM possess-
ing decoupled stiffness and a central compliance center.

4) Achieved passive compliance and an actively tuned
stiffness variance range of over 500x in axial and over 100x
in grasping direction, exceeding the existing maximum 70.9x.

This paper is organized as follows: scenario, mechanical
design, and kinematics modeling are presented in Section
II. The comprehensive procedures for the analytical stiffness
modeling are established in Section IIl. Section IV pro-
vides the beam geometry optimization and FEA verification.
Validation experiments and peg-into-hole demonstration are
discussed in Section V. Conclusions are drawn in Section VI.

II. DESIGN AND KINETOSTATICS MODELING
A. Scenario of the Variable Stiffness Compliant Gripper

The autonomous peg-into-hole assembly task with hole-
position uncertainty is to grasp a tool, drag along a given
direction until reaching the hole location, and peg into it, as
illustrated in Fig. 1. During the process, stiffness has to meet
different requirements to ensure successful assembly.

The compliance of the gripper can be achieved by two
means. One way is by pure passive compliance, which requires
a small rotational stiffness and compliance center beyond the
operating point to construct a Remote Center Compliance
(RCC) tool [8]. This ensures the tool can be guided back to
align with the hole in case of suffering inevitable position
and orientation errors. Another way is by actively tuned com-
pliance, which demands a wide stiffness range. Specifically,
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Fig. 1. Autonomous peg-into-hole scenario requiring variable stiffness.

when the gripper pulls out the tool and pegs it into the hole
by a robot arm, axial stiffness has to be large enough to
withstand the resistance. Meanwhile, the rotational stiffness
should be small for adjustments. In contrast, axial stiffness
should be small while the tool moves along the irregular
surface to prevent damage. As a result, this scenario poses a
great challenge to the stiffness variance of compliant grippers.

B. Mechanical Design of the Compliant Parallel Gripper

To achieve a wide stiffness variation, a planar compliant
gripper is designed with FPM. As illustrated in Fig. 2, the
gripper deforms distinctively under a different actuation when
grasping a tool. This lays the foundation for varying stiffness
through altering actuation. Figure 2 also demonstrates the
mechanical design of the compliant gripper, composed of
two symmetric parallel fingers, with each one containing
two parallel elastic beams. The gripper moves symmetrically,
which is actuated by a single motor through slider-crank
mechanisms. The arrangements and geometric parameters of
the mechanism are elaborately devised to achieve a favorable
force transmission and appropriate workspace. Since pure
FPM, constituted by two elastic beams, deforms inconsistently,
it fails to maintain parallelism under external constraints,
which is detrimental to grasping. Therefore, rigid parallel-
ogram mechanisms are additionally applied to hold parallel
properties. Specifically, the two elastic beams are connected
by the rigid parallelogram mechanisms at both ends to revo-
lute joints. The proximal ends are connected to the actively
actuated revolute joints, ensuring the same rotation angle for
the beams. Meanwhile, the distal ends are connected to a rigid
fingertip through passive revolute joints. These local parallel
restrictions ensure an identical deflection for the two beams
under external translational motion constraints illustrated in
Sec. II-D. As a result, the gripper maintains favorable parallel
and identical properties. Moreover, the intrinsic compliance of
elastic beams endows an automatic centering capacity.
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Further, FPM sets no limits to the elastic beams as long
as they are identical and avoid mechanical interference. Since
different geometry leads to distinct characteristics, the beam
shape can be devised to satisfy desired stiffness requirements.
The elastic beams adopted in this paper are made of carbon
fiber (CF), PLA, or spring steel (SS) in curved shapes with a
rectangular cross-section, such that the stiffness characteristics
can be intentionally designed, besides being initiatively tuned.

C. Kinetostatics Modeling of a Single Curved Elastic Beam

The discretization-based method for large deflection of
flexible rods, developed in prior work [53]-[55], is applied as
a framework and further extended for kinetostatics analysis.

Theorem 1 (Kineto-Model). The nonlinear large deflection
of a curved elastic beam can be analytically and efficiently
modeled through an equivalent redundant serial mechanism.

Proof. As illustrated in Fig. 3, the elastic beam is discretized
into n relatively short segments with equal arc length. Each
segment can be kinematically equal to a serial mechanism with
six DOFs. For planar cases, the in-plane rotational stiffness
within the plane is much smaller than the other stiffness com-
ponents, leading to a further simplification for the equivalent
segment as a torsional spring connecting two links, with the
initial pose related to local curvature. This assumption and the
consideration of shear and torsional stiffness in spatial cases
are further elaborated in Text S1 in the supplementary material.
Consequently, beam deformation can be characterized by the
motion of an equivalent hyper-redundant multi-body system
composed of rigid linkages articulated with passive torsional
spring joints. The Product of Exponential formula can be used
to solve the kinematics problem concisely and efficiently.
Geometric constraints are imposed at the passive revolute
joint connecting the elastic beam and the upper parallelo-
gram mechanism. Meanwhile, propagated torques are balanced
through elastic joints. Construct {S} at point O on the central
line of the gripper as the ground spatial frame with x-
axis perpendicular to the central symmetric plane and y-axis
along the beam length under zero actuated angle. z-axis is
constructed according to the right-hand rule. {T} is the tip
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Fig. 3. Equivalent mechanism and kinetostatics model of a curved beam.

frame constructed at distal end E. The kinetostatic model can
be integrated into a set of nonlinear algebraic equations as

x } [ (og(gu(®)57"))"

Ko® — J4F

where © = [0,65,...,6,]7 € R"™! represents joint rotation
angle variables. x and 7 denote geometric and force con-
straints. g, (©) € SE(3) represents the relative pose of {T}
to {S} under given ©, obtained by g, (©) = exp(£,6))
exp (£202) ---exp (€,6,) gy 0. Here, g, o and g, are the initial
and target pose, respectively. &; € se(3) (i =1,2,...,n) denote
the joint twists in the initial configurations represented in
4 x 4 form in {S}. K¢ = diag(k;,k2,..,k,) € R™" denotes
the structural stiffness matrix. k; is the stiffness of the elastic
joints. F € R®*! represents the external force f and torque m
applied at the distal end, transformed and expressed in wrench
form in {S}. Jo € R®*" is the Jacobian matrix mapping from
joint space to workspace, expressed as Jo = [£1,&,...,&,]. &
(i=1,2,...,n) represent the joint twists under given ® as &
= Ad;_&;. Ad;_; denotes the adjoint transformation matrix
from the first segment frame to the (i — 1) segment frame.

Both valid equations and independent variables are (n+3) x
1 for planar cases, making the model (1) determinate. Newton-
Raphson algorithm is adopted with analytically derived gradi-
ents, detailed in Text S2 in the supplementary material. [

¢(©.F) = [ —0 ()

D. Kinetostatic Modeling of the Compliant Gripper

As the flexible fingers share an identical mechanism de-
sign, the kinematics characteristic of the compliant gripper is
synthesized based on those of each finger, which is analyzed
through force and motion coordination relationships. As shown
in Fig. 4, the pose at contact point P on the fingertip is pre-
set. Geometric constraints are determined through rigid body
motion. Benefiting from upper parallelogram mechanism, the
rotation angles at distal ends, namely Q1 and O, are identical,
denoted as y; = » = 7, yet different from that at P due to
revolute joint connection. Moreover, the upper parallelogram
mechanism contains a two-force member, expressed as an
equal but inverted force pair {f.,—f.}. The constraining and
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Fig. 4. Kinetostatics model of one finger based on force-motion coordination.

external forces are balanced on the fingertip. Eventually, the
integrated kinetostatics model can be obtained as

(log (g4, (©1)g, (1))
¢ Ko, ©—Jg, (Fi +F,)
c=| e | =] (log(g,(©)g,' )" |=0 @
Ce Ke,0,—Jo, (F2—F,)
i F\+F,—F, ]

where subscript i = {1,2} represents the two elastic beams,
respectively. ¢, represents the coordinated constraints. F, €
R®*! denotes the equivalent wrench of the two-force member.
F, € R! denotes the external wrench applied at P.

A normal case in parallel grasping is that only translational
motions without rotation are imposed. Since Q; are passive
revolute joints, the only exerted torques are the equivalent
torque pair {m.,—m.} from the two-force member. Therefore,
the solution can be acquired as F. =0, F| =F, = %F ; and
®; = ©,, whose uniqueness is validated in Text S3 in the
supplementary material. This indicates an identical deflection
for the two beams, which is beneficial to parallel grasping.

III. STIFFNESS MODELING
A. Stiffness Modeling of a Single Curved Elastic Beam

As addressed in Sec. II-C, the equilibrium state of a single
curved elastic beam can be acquired by solving (1).

Theorem 2 (Stiffness-Model). The stiffness model of a curved
elastic beam can be analytically established based on the
kinetostatics framework using increment analysis.

Proof. As shown in Fig. 5, small increments near the deter-
mined balanced state are introduced to analyze the stiffness
characteristics. Frame {L} is constructed at Q with axes
parallel to {S}. The external wrench is denoted as F, in {L}
and an increment 8F, is applied. As a result, the beam further
deflects to a new equilibrium state where an increment of the
joint variable 6@ is generated. Denote OF; as external wrench
increment in {S}. It should be noted that 6F, contains two
components. One is the increment of exerted force. The other
is the implicative increment caused by the transformation of
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Fig. 5. Stiffness modeling from a curved elastic beam to one flexible finger.

force due to pose variance between two equilibrium states.
OF; can be obtained through co-adjoint transformation as

F,=Ady F, = SF,=Ad; 6F,+8Ad; F, )

= OF = 08Fs+Ady Hr (Adg, )" Jo0©

where 6Fg denotes the transformation of the external wrench
from {L} to {S}. It should be noted that the rotation matrix
Rs; = Iz € SO(3) for the co-adjoint matrix Ad;S,L. The
derivation of the force transformation matrix Hy is detailed
in Text S4 in the supplementary material. Meanwhile, the
relationship between 6© and OF; can be deduced as

(Ko —Kj)8O© = J§5F, 4)

where Kj reflects the influence of configuration, derived in
Text S2 in the supplementary material.

The relative motion increment of the distal end expressed
in {S} can be acquired as dxg = Jo8O. Combining (3) and
(4), the stiffness of a single elastic beam can be deduced as

SF¢ =SKéxs with SK = (J@(K@*KJ*KT)_IJCT)Y1 )

where Kt = JgAdgs_LHF (Ad;SL)TJ@) reflects the influence of

the relative position on the transformation of force. O

Figure 5 demonstrates the Cartesian stiffness ellipsoid trans-
formed to {L} at Q in a planar form with only transla-
tional components under a given configuration. The stiffness
transformation between frames is 2K = AngASKAngY 4 [53],
where {A} is an arbitrary frame. This provides the basis for
composing stiffness matrices of different parts in one frame.

B. Stiffness Modeling of One Flexible Finger

The stiffness analysis of one flexible finger is to integrate
the stiffness of two beams through force-motion coordination.
Denote K; (i =1,2) as the stiffness matrix in {L;} according to
Sec. III-A for two beams. A small external wrench increment
is applied to the fingertip, denoted as 6Fp in {S}. The finger
deflects to a new equilibrium state, generating joint variable
increments. Force coordination is expressed as

8Fp = Ad;, SF| +Ad;, 5F, (6)

where OF; denotes the wrench increment at Q; in {L;}. Ad;l_
is the co-adjoint matrix from {S} to {L;} (i=1,2).
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Motion coordination contains additional rotational incre-
ments, denoted as 07, besides adjoint transformation due
to passive revolute joint connections at Q;. The rotational
increments are identical as 0y, = 87, guaranteed by the upper
parallelogram mechanism as shown in Fig. 5. Denote dxp as
the motion increment of fingertip in {S}. dx; and 6x, represent
the total and addition motion increment of the elastic beams in
{L;}, respectively. It holds that 6F; = K;0x; for both beams.
The motion coordination can be deduced and expressed as

8xp = Adg, (8x;— 8x,) = 8x; = Ady ' Sxp+8x,(i=1,2) (7)

Along with additional rotational increments, extra con-
straints on torque increments are generated. Specifically, the
sum of the equivalent torque, corresponding to the passive
revolute joint, is zero. Therefore, the motion relationship can
be acquired by solving the torque constraint using (7) as

8,7,;21.2:1 K;6x; =0 = 6x;=D;éxp (8)

where e,, € RO*! is the unit vector referring to the axial direc-
tion of the passive revolute joint, which is [1,0,0,0,0,0]” in
this case. D; € R%*¢ is the synthesized motion transformation
matrix, derived in Text S5 in the supplementary material.
Finally, by integrating force and motion coordination, the
stiffness matrix of one flexible finger SK can be deduced as

§Fp="Kéxp with SK=Y, Ad;KD;, (9

Moreover, consider the parallel grasping case in Sec. II-D.
Due to identical deflections, the stiffness matrices of the two
beams expressed in {L;} are the same, as K; = K; = K.
Denote the mid-point of Q; and Q> as Oy and construct frame
{Lm} at Qu with axes parallel to {S}.

Theorem 3 (FPM Decoupled Property). The stiffness matrix
in {Lm} of the flexible finger with FPM is decoupled for its
rotational and translational components in the planar case.

Proof. Tt should be noted that Qu is special since rg,,g, +
ro,0, = 0. This leads to a crucial property as

Ad;!  +Ad;!  =Ad: +Ad:

=21
80y.01 804,00 80y.01 804,00 6

Subsequently, the stiffness matrix of the finger expressed in
{Lm} can be obtained, using frame transformation to (9), as

1a o
— 512 Krf2 05

MK = T(,T -1
03 2Ky —2K¢ (emKem) K¢

(10)
where ri, =rg,0, =g, s, denotes the relative position of two
beams, determined during design. Kz, K¢ € R**3 denote the
translational and coupled components of K. Detailed deriva-
tion is provided in Text S5 in the supplementary material. It is
worth emphasizing that this beneficial property holds as long
as the parallel grasping restrictions are maintained. O

C. Stiffness Modeling of the Compliant Gripper

For general cases with rotational and translational motions,
the stiffness matrix of the whole compliant gripper can be
obtained by straightly compositing the matrices of two flexible
fingers, expressed in the same frame as Kg = Kp, +Kp,.
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Fig. 6. Stiffness modeling of the whole compliant gripper.

Theorem 4 (Gripper Centrally Decoupled Property). The
stiffness matrix of the gripper can be transformed to decouple
the rotational, axial, and grasping components with a centrally
located compliance center under symmetric configurations.

Proof. Consider the specific case where the two finger config-
urations are symmetric according to the central line. Follow
the spatial frame {S} and distal end frames {L;} (i=1,2,3,4)
constructed in Sec. III-B, force and motion relationships are
consistent for two fingers due to symmetry. For instance,
suppose a small translational motion increment dx, imposed
on one finger along z-axis arouses a force increment OF,.
Consequently, the same increment 6x, imposed on the other
finger will generate a force increment symmetric to 0F, along
the central line. As a result, one fundamental property is
that the stiffness matrices of two fingers possess opposite
values in the coupled z-components due to symmetry. This
property holds only when the stiffness matrices are expressed
in frames with axes parallel and original points symmetric.
For conciseness, it can be expressed in {S} in planar form as

kxx kxy kxz kxx kx} _kxz
Kr= | ky ky ke | © Kp=| ky ky —ke | (1D)
kzx kzy kz, —kzx _kzy kz,
Subsequently, 5K can be expressed in {S} as
2k 2ky O
Ke=Y K= | 2k 2ky O (12)
0 0 2k

The rotational and translational components can be further
decoupled to obtain a diagonal matrix through frame transfor-
mation. Suppose kyy is non-zero in a general sense. Construct
frame {Tp} with axes parallel to {S} at point W located on
the central line with planar coordinate row = [0, —k;,'kyy]” in
{S}, as depicted in Fig. 6. Through adjoint transformation, the
stiffness matrix in planar form in {Tp} can be simplified as

ke — 2k kE, 0 0
DK = 0 2kyy 0
0 0 2k,

= diag{kmkwkz} (]3)

where k,, k, and k; denote the planar stiffness components.
It should be noted that the stiffness model in planar cases is
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established based on the kinetostatics model, neglecting the
translational, torsional, and shear stiffness of the segments.
As indicated by (13), the rotational, axial, and grasping
components of TPKg are completely decoupled. {Tp} is the
central principal frame. In addition, the compliance center W is
fixed along the central line. Therefore, the relative position of
W and the operating point can be intuitively compared during
assembly tasks, which benefits the pure passive compliance
design. Besides, the stiffness components can be obtained
directly from (13), providing great convenience for optimal
design of the gripper. By devising the beam geometry, the
compliance center can exceed the operating point, or a large
range of stiffness variance can be achieved for actively tuned
compliance, meeting the requirements of distinct tasks. O

IV. OPTIMIZATION AND SIMULATION
A. Stiffness Optimization of the Compliant Gripper

As addressed in Sec. II-B, the stiffness characteristics of
the compliant gripper can be devised through initial beam
geometry. Therefore, a comprehensive mathematical expres-
sion of curves based on the Fourier descriptor is applied. As
illustrated in Fig. 7, a general planar arbitrary curve is depicted
stretching from O to A. For conformity, a planar coordinate
system is established with O being the original point, x-axis
from O to A, and y-axis orthogonal to x-axis. Moreover, the
curve is normalized along the x-axis. To adapt to the intrinsic
properties of the Fourier expression, the curve is symmetrically
rotated around [1,0] and periodically extended with a period
of T =2, forming a function f(x). Subsequently, a p-order
Fourier expansion can be applied to approximate f(x) as

f*(x) = ao+ X1, a; - cos(imx) + b; - sin(ix) (14)

where ag and a;,b; (i=1,2, ..., p) are the coefficients of Fourier
expansion. The function is constrained at x =0, 1 as

Z?:o ai = Zf:o(—

Higher orders of Fourier descriptors lead to a larger de-
sign domain, yet fiercer fluctuations. Out of manufacturing
considerations, p = 2 is applied. The influence of higher-
order expansion is discussed in Text S9 in the supplementary
material. The range of the optimized parameters, namely the
Fourier coefficients, is determined as the curve set depicted in
Fig. 7. Once the parameters are given, the curve is transformed
back to the beam shape according to mechanical constraints.

Consider the process of the autonomous peg-into-hole task
addressed in Sec. II-A, which can be achieved through pure
passive compliance or a wide range of stiffness variance.
Since the geometric parameters of beams can directly increase
or decrease the equivalent stiffness by the same multiple,
normalized evaluation indicators are proposed. One indicator is
constructed as the ratio of the minimum and maximum values
of axial stiffness. Another indicator includes the rotational
stiffness under the maximum axial stiffness. The characteristic
length [, as the length of the operating tool, is introduced
for normalization. In addition, the RCC condition is required
during optimization for pure passive compliance. Weights are
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Fig. 7. Stiffness optimization procedures and optimal results.

assigned with a penalty function to construct a single-objective
optimization problem, considering the design domain, actua-
tion range, compliance center, and mechanical interference, as

min  w kfl k> —l—wzkfl 12k, +.F (Af,M)

st. wi+wy=1,w;>0(i=1,2)

CfE]D)f
ac€A,NAs (15)
M if Ar=o
F(ap) = M A
0 , otherwise
dinin = min ||q, —g,[|, > dy

where w; (i = 1,2) denotes the assigned normalized weight.
ki and k, denote the maximum and minimum value of axial
stiffness, respectively. k, denotes the rotational stiffness when
axial stiffness reaches kj. ¢y denotes the Fourier coefficients
in (14). Dy denotes the design domain of ¢;. o denotes the
actuated angle and A, is the accessible actuation range pro-
vided by the motor. A is the feasible actuation domain where
the grasping force is constrained within a required range. For
pure passive optimization, A, additionally requires a farther
compliance center than the operating point. .%# (Af,M) is the
penalty function and M denotes a fairly large value. dpi,
represents the minimum distance between two beams where
q; (i =1,2) denotes an arbitrary point on each beam. d;, is
the threshold value for preventing mechanical interference.
(15) is a unified form for both pure passive and actively
tuned compliance optimization problems. Specific values for
the geometric and design parameters are provided in Table
S3 in the supplementary material. The classic Sequential
Quadratic Programming (SQP) is applied as the iterative
method for solving the constrained nonlinear optimization
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TABLE I
OPTIMAL RESULTS FOR THE COMPLIANT GRIPPER DESIGN.
Pure Passive | Actively Tuned #1 | Actively Tuned #2
k, 1.6200x 10" 6.3652x 100 1.2568x 103
& 'y 1.0428 2.9823 587.82

problem. The optimal results for the corresponding ratio and
rotational stiffness are listed in Table L. It should be noted that
grasping force is coupled with stiffness when the actuation
angle varies, and thus is considered as constraints in (15).
However, it can be integrated into the objective function,
aiming at devising the force variance, which is elaborated in
Text S10 and Text S11 in the supplementary material.

For pure passive compliance, the optimal beam geometry
is a C-type curve as demonstrated in Fig. 7. The operating
point is defined by extending / from the grasping point along
the central axis. Within the feasible actuation domain, z-
coordinate of the compliance center alters from 185.15 mm
to 261.68 mm with a range of 76.53 mm, indicating that the
compliance center can reach twice the characteristic length
from the grasping point. Besides, the rotational stiffness at the
compliance center is 1.6200 x 10! Nm/rad under maximum
axial stiffness. Although the axial stiffness variance ratio is
small, only 1.0428 %, it still provides some space for tuning.

For actively tuned compliance, the optimal beam geometry
is close to a straight line. However, relatively small fluctuations
of the curve are hard to manufacture precisely. Therefore, a
straight line is utilized. The corresponding rotational stiffness
is 1.2568 x 103 Nm/rad. The axial stiffness variance ratio is
large, namely 587.82x. The corresponding grasping stiffness
variance is 100.4x. For comparison, an additional constraint
is introduced, requiring the maximum curve fluctuation to
be greater than 10% of the total length. The optimal result
corresponds to an S-type curve as demonstrated in Fig. 7
with a maximum curve fluctuation of 7.3768 mm. The axial
stiffness variance ratio is smaller than the straight case, namely
2.9823 x. However, the rotational stiffness magnitude is much
smaller, making the two results possess their own advantages.
As a result, a wide stiffness variance or a relatively small
rotational stiffness can be achieved for the actively tuned
compliance gripper design. It is worth mentioning that the
design parameters only lead to the initial elastic beam shapes.
The width and thickness can be further adjusted to acquire
specifically desired stiffness values for the gripper.

B. FEA Validation

To validate the effectiveness of the proposed stiffness mod-
eling method, FEA simulations are carried out. The stiffness
characteristics of a single beam, one flexible finger, and
the compliant gripper constituted by the three optimal types
of curved beams are compared between FEA and modeled
results. Initially, the optimized elastic beams are modeled in
SOLIDWORKS using curves generated by the data points con-
structed based on Fourier descriptors. The finger and gripper
are consequently modeled using the beams with simplified
geometric features. Further, the models are imported into
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Fig. 8. FEA results compared with the modeled results.

ANSYS with carbon fiber material assigned to the beams and
steel to other frames. Mid-surfaces are affixed to the beams
before all parts are meshed. Geometric constraints and loads
are then exerted accordingly. Large deflection is utilized due to
the geometric nonlinearity of the beams. Out-of-plane motions
are neglected. The results are demonstrated in Fig. 8.

From the results, it can be seen that all three cases, including
a straight beam, one flexible finger composed of C-type
curved beams, and the compliant gripper constructed using
S-type curved beams, produce almost identical deformations
for the modeled and simulated results. Further, both stiffness
matrices of FEA and modeled results are established, where
the elements are substantially consistent. The eigenvalues A
and eigenvectors 3 of the stiffness matrix are obtained and
compared. A corresponds to the principal stiffness, while 3 are
related to the principal stiffness axes. The maximum errors are
4.0970% for A and 0.2029° for 3, demonstrating the validity
of the proposed stiffness models for a curved elastic beam,
flexible finger, and compliant gripper. Detailed stiffness ma-
trices are provided in Table S5 in the supplementary material.

V. EXPERIMENT VALIDATION
A. Experimental Setup

To further verify the proposed modeling method, exper-
imental studies have been carried out. Figure 9 illustrates
the detailed experimental setup for stiffness validation. The
compliant gripper is designed according to the parameters
and connected to the experimental table while grasping a
tool under a given actuation. Besides, a pushing end-effector,
along with an F/T sensor, is connected to a robot arm UR3
in series. The OptiTrack motion capture system is applied to
acquire the relative poses and positions of the gripper and the
end-effector. During the experiment, the tip end of the tool
is contacted and pushed by the end-effector away from the
initial equilibrium state with a small motion increment, which
is controlled by the robot arm. Consequently, the actual motion
increment of the tool, denoted as Ax;, is calculated from the
coordinates of the markers fixed to the tool, which are obtained
by OptiTrack. The pose of the end-effector is also acquired
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Fig. 9. Validation experiment setup and comparison with the model.

from the position measuring system. On this basis, forces and
torques are recorded and then transformed to the tip end of
the tool to calculate the force increment AF;. The tip end of
the tool is pushed with a variety of increments from various
directions to construct a set of motion and force increments in
planar form, expressed in matrix as X = {Ax;} and F = {AF;}.
Based on the measured increments, the measured stiffness
matrix K can thus be synthesized using the least square method
and further expressed in symmetric form as

K= % (((XXT)*XFT)T + (XXT)TXFT> (16)

where X and F € R* including m experimental results.

B. Stiffness Model Validation

To validate the generalizability of the proposed method,
grippers with elastic beams of distinct materials and geome-
tries are tested. Four cases are targeted, including straight
beams made of CF and SS, C-shape and S-shape beams
made of PLA, as shown in Fig. 9 and Fig. 10. The straight
beams are 0.3mm thick, whereas the C-shape and S-shape
beams are 1.8mm and 1.5mm, respectively, which exhibit
distinct structural compliance. The composed gripper grasps a
T-type tool under a given actuation angle, which alters for the
four cases, leading to varying stiffness characteristics. m = 12
groups of motion and force increments are applied. Original
test data and derived stiffness matrices are provided in Tables
S7 to S12 in the supplementary material. The pose and position
increments of the tip end of the tool under 12 loaded cases
relative to the unloaded case for elastic beams with different
materials are depicted in Fig. 11. Moreover, forces and torque
are generated and compared using the derived and modeled
stiffness matrices and motion increments in Fig. 11, where
M, and F, are enlarged several times to make the comparison
clearer. From the quantitative results summarized in Table II,
maximum 1.8247N force and 0.1261 Nm torque errors are
observed for CF and PLA cases. Errors for SS beams are
larger since this case possesses larger principal stiffness.

The experimentally derived and correspondingly modeled
Cartesian stiffness ellipsoids are depicted in Fig. 9 for the
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Fig. 10. Grippers with different curved beams made of distinct materials.
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straight CF beam case with planar components to intuitively
exhibit the difference. It can be seen from the results that
the two ellipses align in the major and minor axial directions
with only a small angular deviation. The magnitudes of the
two ellipses differ by a rather close multiple, attributed to a
difference between Young’s modulus of the practically used
CF and the model. After calibration of the Young’s modulus
(to 72.9280 GPa), the maximum errors are 6.5953% for the
principal stiffness and 0.0734° for the principal axes direction.
Similarly, the Young’s modulus is calibrated for the other
cases. From the results, all the modeled stiffness matrices align
with the experimental one in principal stiffness axial directions
with small angular deviations. The average and maximum
errors between experiments and models are provided in Table.
II, where all the principal stiffness and axes errors are less
than 10% and 2°. As a consequence, the proposed method
exhibits a high precision in stiffness modeling for materials
and geometry in general sense, showing potential for optimal
design of compliant grippers to accomplish industrial tasks.
The errors are attributed to several factors. One is the dimen-
sional deviations when transforming physical grippers into the
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TABLE II

AVERAGE AND MAXIMUM ERRORS FOR FORCE AND STIFFNESS.
Cases Error | M,(Nm) | F(N) | F,(N) | A(%) | B(deg)
Straight | Avg. 0.0380 0.1742 | 0.6211 | 6.4352 | 0.0724
CF Max. 0.1261 0.5848 | 1.8247 | 6.5953 | 0.0734
Straight | Avg. 0.1592 0.6243 | 4.5638 | 2.1272 | 0.0418
SS Max. 0.3665 1.4697 | 6.4802 | 2.3919 | 0.0493
C-shape | Avg. 0.0150 0.0224 | 0.3604 | 9.3566 | 0.9615
PLA Max. 0.0385 0.0538 | 1.1007 | 9.7781 | 1.4337
S-shape | Avg. 0.0294 0.0805 | 0.6639 | 6.7782 | 0.1750
PLA Max. 0.0665 0.1742 | 1.6059 | 7.8337 | 0.2592

corresponding schematic diagram of the mechanism. Besides,
the stiffness matrix is synthesized based on motion and force
increments in the neighborhood of the tool tip end, which
is different from the model directly derived under a given
configuration. In addition, the manufacturing deviations from
the designed curves will cause less accuracy, especially for 3D-
printed beams. Larger stiffness under distinct configurations
causes less precise motion increments, while smaller ones
lead to less precise force increments. For all tested cases, SS
beams exhibit the least errors due to larger stiffness, despite
larger values for forces and torque errors. Moreover, material
properties make an effect, including better elasticity for SS
and more obvious material nonlinearity for PLA.

C. Grasping and Compliance Demonstration

The grasping scenarios of the designed compliant gripper
are demonstrated in Fig. 12, handling diverse objects with
distinct properties, including a soft sponge, a rigid brick, a
light bolt, and a heavy stone. This reveals the potential usage
of the proposed compliant gripper in practical applications.

Further, a validation for the gripper with pure passive
compliance is demonstrated in Fig. 13. The optimal C-shape
beams are applied. The parallel grasping case is depicted,
where an identical deformation of the beams can be observed.
For the autonomous peg-into-hole task, several orientation and
position errors are intentionally introduced by the robot arm,
including a 5° orientational deviation and a further 3.5mm
positional deviation. During the pegging process, the tool
overcomes these deviations and adapts to the hole passively,
without active control, despite slight rotational motions being
induced at the tip of the tool. Compared with rigid grippers that
damage the tool due to errors, the proposed compliant gripper
effectively showcases benefits in flexible assembly tasks. A
detailed motion and grasping capacity, along with the peg-
into-hole operation, are provided in the supplementary video.

D. Discussion

The proposed stiffness modeling and optimizing method for
the compliant gripper achieves high accuracy and efficiency,
showcasing potential in various scenarios with distinct opti-
mal designs to meet different requirements, including passive
compliance and actively tuned for over 500 in axial and over
100x in grasping stiffness variance, exceeding the maximum
70.9x in existing studies. Besides, the proposed modeling
processes reach a computational frequency at the level of
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Fig. 13. Peg-into-hole demonstration based on gripper with C-shape beams.

several Hz, which shows potential in real-time control and
rapid iterative design. Detailed comparisons and discussions
are provided in Text S12, Text S13, Table S1, and Table S2.

However, there are limitations and room for improvement.
The proposed kinetostatics and stiffness model neglects tor-
sional stiffness for planar gripper analysis, but can be ex-
tended to spatial mechanisms with curved elastic units by
integrating spatial force-motion relationships and considering
the neglected stiffness components if they are of the same
order, which is discussed in Text S1. It should be noted
that the modeling method can analyze the nonlinear large
deflections, but requires the deformation within the elastic
region. The method can be further extended to a multi-
DOF gripper or a multiple-finger arrangement, which may
enhance and broaden the applications. Moreover, grasping
force is introduced as constraints during optimization, since
it changes with the stiffness for the one-DOF gripper. It
can be integrated into the objective function to achieve force
requirements, which is further elaborated in Text S10 and Text
S11. Higher-order Fourier descriptors or other methods can
be utilized to express the geometry, for which the proposed
optimization is still applicable. Nevertheless, the influence on
the stiffness characteristics is complicated, detailed in Text
S9. Various materials can be analyzed based on the proposed
method as long as the deformation is within the elastic region.
A full characterization of CF has been carried out in Text
S14, demonstrating its slight hysteresis and fatigue after long-
term repeated loading. More comprehensive elaborations are
provided in the supplementary material.

VI. CONCLUSION

In this paper, a general method is proposed for modeling,
analysis, and optimization of a variable stiffness compliant
gripper. The planar gripper is devised with fingers composed of
FPM using curved elastic beams. Stiffness variance is achieved
by adjusting the actuated angle. The main findings include
presenting an analytical modeling method for curved elastic
units that balances accuracy and computational efficiency. On
this basis, a unified stiffness optimization framework for beam
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geometry is established to achieve desired characteristics.
Moreover, the centrally decoupled stiffness properties of the
proposed gripper are disclosed. The effectiveness and applica-
bility of the proposed approach are validated through FEA and
experiments. Eventually, an actively tuned stiffness variance of
over 500x in axial and over 100X in grasping is achieved,
which exceeds an existing maximum value of 70.9x. The
autonomous peg-into-hole task demonstrates the capability of
passive compliance based on the optimally designed compliant
gripper. Diverse grasping scenarios with objects of distinct
properties are displayed, showing the potential usage of the
proposed gripper for various industrial scenarios.

Future research includes spatial compliant gripper design,
modeling spatial elastic units with uneven cross-sections, and
integrating sensing and active control. This will enhance the
generality and practicability in broader applications, including
fragile object grasping and precision assembly.
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